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INTRODUCTION 
Quantitative measurements have been made recently for the inductance of a coil placed 
next to flat ferromagnetic metal plates [1-3]. Results for a suite of low carbon steels were in good 
agreement with the analytic solutions of Cheng [4] and Dodd and Deeds [5], which describe the 
metal as a structureless half-space defined by an isotropic and uniform conductivity, 0', and initial 
relative permeability, Jl. However, Refs. 1-3 reported poor agreement between the same half-
space model and inductance measurements made on commercially pure iron and nickel. Our 
desire to understand these results prompted us to more completely analyze the rather complicated 
analytic solution for the half-space model.[6] Somewhat to our surprise, we found that the 
solution simplifies for highly permeable metals and that above a characteristic frequency, the 
inductance change can be approximated by a simple expression. 
In this paper, we describe a simple scaling relation for the inductance change of highly 
permeable magnetic metals that was found by evaluating the theory of Refs. [4,5] and comparing 
the results for different coils, permeability and conductivity. The scaling relation is 
M-(ro)=M-"L*(oYro) , (I) 
where M-o is a constant that depends only on the coil and is independent of the conductivity and 
permeability. Here, the angular frequency is scaled by roo ' the angular frequency for which Re t:.L 
is zero. Finally, an adequate fit to the scaling function is given by 
(2) 
The structure of the remainder of this paper is as follows. First, we review the analytic 
solution for the inductance of an air-core coil above a uniform half-space. In the next section, we 
plot M- in a way that reveals the existence of the scaling relation. The approximate analytic form 
for L* is derived in the next section. We then test the existence of a scaling relation with 
measurements made on medium carbon steels. Finally, the paper is concluded with a brief 
discussion and summary. 
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ANALYTIC SOLUTION FOR INDUCTANCE 
We wish to determine the difference in the complex inductance, L1L( ro)=L( ro)-LaJ ro), 
when the coil is next to a uniform half-space with inductance L( ro) , and when it is in free-space 
with inductance L,;,(ro). Simple rearrangement of the formulas of 
Cheng [4] and Dodd and Deeds [S] yields, 
where 
llL= Mf P2(~) A(a)t/!(a)da 
a 
We use the somewhat unusual convention that J1 denotes the relative permeability; the 
permeability will be denoted by J1 J1", where J10 denotes the permeability of free-space. The 
integration variable a is the transform variable of a Bessel function decomposition of the 
electric/magnetic field and is essentially a spatial frequency. The prefactor M is defined by 
(3) 
(4) 
(S) 
where N denotes the number of turns in the coil, rl and r, denotes the inner and outer radii of the 
coil, while I, and I, denote the height of the bottom and top of the coil. The factor P( a) is defined 
by 
(6) 
Finally, A(a) is defined by 
l-ctJ _ctJ)2 A(a)=\e l-e 2 (7) 
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Figure 1. Shows the real (A) and imaginary (B) parts of t1L as a function of frequency for 0=107 
S/m and J1= SO, 100, 200, and 400. Also, completely superimposed are the results for o=O.S 10' 
S/m and J1 = 2S, SO, 100 and 200. Curves move to right with increasing J1 .. 
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SCALING RELATION FOR ill OF HIGH PERMEABILITY METALS 
We will show that a simple two-parameter scaling relation usefully describes the 
frequency-dependent inductance change ilL. The real and imaginary parts of t1L are plotted in 
Figs. IA and IB for a hypothetical coil defined by rl = I mm, r, = 2 mm, II = a mm, I, = I mm and 
N=IOO. The conductivity of the half-space was chosen to be <1= 10' Slm ( 20% of copper) and the 
relative permeability j1 was chosen to be 50, 100,200 and 400. Re ilL crosses zero at a 
characteristic frequency (0" ' which is seen to increase as j1 increases. Figures 2A and 2B show the 
result of plotting the same calculations versus the scaled frequency, ((y'(O,.. All of the calculations 
fall on the same curve, which we refer to as the scaling relation. This is the first major observation 
of our paper -- the calculations for a given coil derive from a common scaling relation. 
The last paragraph suggests that two calculations for the same coil will be nearly identical 
if they have the same zero-crossing frequency ~" which is very nearly proportional to J1Ia. 
Consequently, we also calculated ilL for hypothetical samples where both the conductivity and 
permeability were half the values used in the first set of calculations (thus keeping J1Ia the same). 
That is, we computed t1L for <1 = 0.5 10' and for j1 = 25, 50, 100 and 200 and plotted the results in 
Figs. I and 2. We find, that to graphical accuracy, these calculations are indistinguishable from 
those for <1= 10' and for j1 = 50,100,200 and 400; the curves overlap identically. 
So far we have examined ilL's for the same coil and found that the calculations were 
essentially identical when plotted versus the scaled frequency . What happens when the coils are 
different? Basically, the overall strength of ilL and its zero-crossing are changed, but the shape of 
the curve is nearly unchanged. We calculated ilL for three very different coils: (I) a compact coil 
with square cross-section mentioned above; (2) a flat, wide coil defined by rl = 0.1 mm, r, = 2 
mm, II = a mm, I, = 0.1 mm and N= I 00; and (3) a tall and very narrow coil defined by r l = 1.9 
mm, r, = 2 mm, II = a mm, I, =5 mm and N=IOO. The frequency varied between I kHz and 5 MHz 
for a= 1.4 107 and j1 = 100. We divided the resulting ilL's by ilL, .. (defined by Eq.(9)) and plotted 
them versus the scaled frequency. Figure 3A shows that the scaled Re !1L is nearly the same for 
all three coils. The varying thickness of the line is due to the fact that the calculation for the tall, 
narrow coil differs somewhat from the other two. The calculations for Re ilL lie on a common 
curve to within 5%. Figure 3B shows the scaled result for 1m ilL. The differences for the tall thin 
coil is now much more evident. The error introduced by using a common scaling relation would 
be on the order of 10%. This leads to our second major conclusion: the real part of the inductance 
change can be usefully described by a two parameter scaling relation for widely different coil 
designs. That is, Re t1L( (0) is well described by Eq. (I). 
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Fig.2. Shows the result of plotting the calculations shown in Fig. I versus the scaled frequency. 
The eight different calculations all collapse onto a single curve. 
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SIMPLE FUNCTIONAL FORM FOR THE SCALING FUNCTION 
A simple analytic function will be shown to approximate the scaled AL. We start with the 
following observations. First, for highly permeable metals, the overall strength of &.. depends 
weakly on the permeability or conductivity and is determined almost entirely by the properties of 
the coil -- through &"0' Second, the real part of AL crosses zero at (00' a characteristic angular 
frequency. The existence of a scaling relation and dimensional analysis implies that 
(8) 
where au is a typical spatial frequency (on the order of one over the smallest spatial dimension of 
the coil). The zero-crossing frequency is larger for larger permeability , while it decreases if the 
conductivity becomes larger. Finally, the zero-crossing frequency decreases as the inverse square 
of the coil's size. 
The scaling relation can be approximated by the simple equation 
(9) 
Figure 3 shows L * as inferred from calculations for three different types of coils. The dashed line 
shows the approximation given in Eq.(9). As can be seen, the approximation agrees fairly well 
with the detailed calculations for &... The approximation for the scaling function will also be 
shown to agree with experiment for Re AL in Fig. 4. 
The scaling form for L * can be obtained from two successive approximations to the 
analytic solution. We consider these approximations now and start with Eqs. (3-7) for &... The 
dependence on)1 and aenters only through the function lj), which we rewrite as 
I- I jOJJVJ 
-+ 
cfJ(a) == 
f.l2 f.la; (10) 
1 j(O)1/J 1+ -+ 
f.l2 f.la~ 
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Figure 3. Shows t1L for coils with different geometry. (A) scaled Re iJ.L plotted versus the scaled 
frequency, and (B) scaled 1m &... The results for the tall, narrow coil differ from the others in (B). 
The dashed line indicates an analytic approximation. 
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Our first approximation is to neglect, in the square root, the term lIJl'. This approximation is 
expected to be valid over a very wide range of frequencies; in particular it is valid when the skin 
depth, defined by 
D= --~ OJIlo J1(J , (11) 
is much less than any dimension of the coil; i.e., 000«1, where ao is defined to be one over the 
smallest dimension of the coil. This condition is well satisfied for frequencies above I kHz and 
for coils (dimension greater than I mm) placed next to a metal with (1= lO'S/m and jl=100. The 
scaling relation begins to fail for lower frequencies; although it remains true to within a few 
percent for Re M. for all frequencies if J1> 100. The consequence is that we can approximate 8L as 
(12) 
The dependence on the frequency, the conductivity and permeability enter only through the ratio 
OJf1.aIJlti. Let us imagine plotting 8L versus frequency. Equation (12) implies that the overall 
amplitude scale (y-axis) is the same independent of the material properties and the frequency. On 
the other hand, the ratio (fJJlo(1IJlri determines the rate at which the function changes as it is plotted 
along the x-axis. 
The second approximation arises since ¢( a) varies slowly with a compared to the rest of 
the integrand, which peaks at a characteristic spatial frequency. The approximation is to evaluate 
tfJ at this peak value and take it outside the integral. We obtain 
(13) 
Here, llLoo is defined by 
(14) 
We rewrite ¢(a) using Eq. (12) as 
(15) 
Next, we identify the frequency at which the real part of 8L becomes zero in this approximation, 
(fJo = Jlao2IJl.a, the same answer that was obtained by dimensional analysis. Using this definition 
of (fJo' Eq.(13) and Eq.(15), we find the desired relation 
(16) 
Thus, we have found the form of Eq.(1) by making two approximations and we have identified the 
overall strength of the signal with 8Loo' 
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EXPERIMENTAL TEST OF SCALING RELATION 
We measured the inductance change as a function of frequency for a small coil placed 
upon plates of thirteen different types of medium carbon steel using an HP 4194A impedance 
analyzer for frequencies ranging from 1 kHz to 1 MHz. The samples were metal cubes 2 cm on a 
side with surfaces ground to a smooth finish. The coil had the following nominal parameters: '1 = 
1.52 mm , " = 3.05 mm, II = 0.50 mm, I, = 1.26 mm and N = 50. The inductance was measured 
with the coil placed on the metal and with the coil in air. The inductance change was obtained by 
subtracting the inductance measured in air from that measured on the metal. The zero-crossings in 
Re M..( roy varied from 340 kHz to 570 kHz across the suite of steels. These samples and the 
measurement procedure are described fully elsewhere, Ref. 1. 
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Figure 4. Shows the result of plotting M measured for a suite of medium carbon steel samples 
versus the scaled frequency. Re M.. is shown in A, while 1m M.. is shown in B. The analytic 
approximation was plotted but coincides with the data and is not visible. 
We have introduced two separate hypotheses in this paper: (1) All of the measured 
inductance changes will fallon a single curve after scaling the frequency and (2) The scaled data 
will have the functional form given by Eq.(2). The experimental test of the first hypothesis is 
shown in Fig. 4. We have plotted L1L for the 13 steel samples, after scaling the frequency so that 
the zero-crossing occurs at a normalized frequency of one. As can be seen, all of the data fall very 
nearly on a single curve for the real part of the inductance change (Fig. 4A) and for the imaginary 
part of the impedance (Fig. 4B). The largest disagreement is for the imaginary component at 
higher frequency, where the scatter in the measurements is on the order of 5%. The second 
hypothesis was tested by plotting Eq. (2) in Fig. 4. The result, shown by the solid line, is almost 
entirely obscured by the data; however, a small insignificant difference is discernible for small 
ro/wo' As can be seen, the experiments and the analytic approximation define a single curve, which 
strongly supports the scaling hypotheses. 
DISCUSSION AND SUMMARY 
The characteristic features of Re M are that it is positive at low frequency, decreases as 
the frequency increases, crosses zero and eventually reaches a constant value at sufficiently high 
frequency . This behavior originates in the fact that the coil's magnetic field interacts with the 
ferromagnetic metal in two ways. First, it tends to magnetize the metal, which increases the 
magnetic field that threads the coil and thus increases the coil's inductance. Second, the ac 
magnetic field also induces eddy-currents in the metal, which tend to oppose the driving current 
and hence to reduce the coil's inductance. At low frequencies magnetization dominates and leads 
to an increased inductance; at high frequencies eddy-currents dominate and lead to a decreased 
inductance. The zero-crossing in M occurs when these two effects are in balance. 
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Figure 5. Shows change in the real inductance as a function of the scaled frequency for Jl. = 1,2,3 
and 5. Re Ill. increases monotonically with relative permeability. 
The approximate derivation of the scaling relation indicates that the existence of a 
common scaling relation can be expected to break down in three situations: low frequencies, small 
permeability and if the coil designs are too different. 
Low frequency or low conductivity. The deviations of the exact calculation from the 
scaling relation may be analyzed in part by considering the low frequency/conductivity 
asymptotics, Re M = (Jl.-l)l(Jl.+l) M.,~ as OJ-> O. In comparison, the scaling relation incorrectly 
predicts that the low frequency limit is M.oo. However, the difference between the scaling relation 
and the exact result becomes negligible for sufficiently permeable metals (jJ. large). The situation 
is quite different for 1m M.. The scaling relation fails qualitatively and gives the incorrect 
functional dependence, predicting a square root behavior with frequency, while the exact answer 
depends linearly on the frequency for sufficiently small OJ. 
Low permeability. The scaling relation is designed for highly permeable metals and is 
expected to fail if Jl. is not much larger than one. We calculated the inductance for the coil used in 
the experiment for a variety of materials with low permeability. In particular, we chose a 
conductivity of 510' S/m and permeability of I, 2, 3 and 5. Figure 5 shows Re(M) plotted versus 
the frequency scaled so that the zero-crossing for a high-permeability metal occurs at one. As 
expected, the curves differ substantially at zero frequency. However, it is interesting that at 
sufficiently high frequency all of the curves assume a common form. 
Different coil desi~ns. The scaling relation depends weakly on the coil geometry as 
shown in Figs 4A and 4B. 1m Ill. is more sensitive to the coil design than Re M.. Figure 4B shows 
that 1m Ill. deviates significantly from the scaling relation for coil geometries that are very 
different. 
The scaling relation for Ill. may have the following use. Observations show that ferromagnetic 
metals may have a very thin surface layer of reduced magnetic permeability. Such layers might 
occur intrinsically or be induced by surface treatments such as case hardening, shot peening or 
surface alloying. In any case, it is of considerable interest to know whether such a layer exists on 
a particular piece of metal. The scaling relation can be used to find the answer, since the presence 
of such a layer would cause the experimental data to deviate from the scaling relation derived 
here. 
In this paper, we analyzed the analytic solution for the change in the inductance of a coil 
placed next to a highly permeable half-space. We found that above a certain characteristic 
frequency, the inductance change can be described by a simple scaled curve. An analytic form for 
this curve was obtained by approximation. The existence of the scaling relation was tested by 
comparing the hypothetical curve to measurements of inductance made on 13 samples of medium 
carbon steel. 
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